A twisted covariant formulation of noncommutative self-dual gravity is presented. The formulation for constructing twisted noncommutative Yang-Mills theories is used. It is shown that the noncommutative torsion is solved at any order of the θ-expansion in terms of the tetrad and some extra fields of the theory. In the process the first order expansion in θ for the Plebański action is explicitly obtained.
I. INTRODUCTION
Noncommutative structures in field theory have been studied over the years and the subject has been introduced in several forms. The idea of noncommutative space-time seems to be firstly proposed by Heisenberg [1] , as a possible cut-off to cure UV divergences in quantum field theory (for some historical remarks, see [2] ). This idea was further developed by H.S. Snyder and applied it to find an implementation of the Lorentz symmetry on a spacetime with non-commuting coordinates [3] . Snyder's construction was realized in (4+1)-dimensional space-time, however it allows coordinate transformations which break down the Lorentz symmetry in a (3+1)-spacetime subspace. The extension to include the gauge symmetry of the electromagnetic field was pursued in a second paper [4] (for a recent review, see [5] ).
Deformation quantization and Connes approach are two of the most used formulations of noncommutative spaces. On one hand, deformation quantization was first introduced in the context of phase-space quantization [6] , some few years before Snyder's paper and finally formulated as an alternative quantization method in Ref. [7] (for a review, see [8] ). On the other hand, Connes noncommutative geometry [9] is a rigorous mathematical setting containing non-trivial structures originated from von Neumann [10] and Gelfand-Naimark results [11] .
An important step done recently, was the discovery that noncommutative gauge theory is obtained naturally from non-perturbative string theory (D-brane physics) via the SeibergWitten map [12] . Furthermore, M-theory, in its M(atrix) theory approach, was also shown to be compatible with these noncommutative structures [13] . This relation to string theory has been one of the main motivations to further explore the physics of noncommutative theories.
Non-commutative field theory can incorporate nonlocal effects in field theory at the classical and quantum levels in an interesting and subtle way. For instance it gives rise to surprising effects like the IR/UV mixing [14] (for some reviews, see [15, 16] ). Recently nonperturbative studies (via Monte Carlo simulations) seem to support the existence of this mixing [17] .
Noncommutative field theories can be carried over to SU(N) gauge theories through the implementation of the Universal Enveloping Algebra associated to the Lie algebra of covariant noncommutative formulation of Plebanski's self-dual gravity. This involves simultaneously local Lorentz and diffeomorphism transformations. As is well known, Plebański's [35] self-dual gravity is a topological constrained SL(2, C) BF theory, and self-dual variables have been the starting point to find loop variables to quantize the gravitational field [36] . In [19] we have described SL(2, C) noncommutative topological and self-dual gravities, respectively. Though the theories are manifestly Lorentz invariant, the diffeomorphism invariance remains broken. In this respect they are not fully symmetric with respect to the whole noncommutative symmetries. In this paper we use the twisted formalism to give a noncommutative SL(2, C) BF theory, invariant under twisted local Lorentz and diffeomorphism transformations. In order to do that, we exhibit a simple noncommutative version of the volume form, given by the product of the one-form tetrads. Then we will implement the noncommutative constraints in such a way that we get a noncommutative version of Plebański action which is not only invariant under twisted Lorentz transformations but also under twisted diffeomorphism ones. We will show that the torsion can be solved at any order of an expansion on θ. The Lagrangian, the torsion and other relevant expressions are explicitly calculated in the present paper. This paper is organized as follows, in Section II we give an overview of twisted covariant non-commutative gauge and gravity theories. In the process we prove that the functional derivative methods introduced in Ref. [34] for gauge fields, can be carried over to the construction of noncommutative gravitational fields with twisted symmetries (a basic detailed calculation is summarized in the appendix). In Section III we give an overview of self-dual gravity. In section IV we construct the twisted covariant self-dual gravity. Section V is devoted to the final remarks.
II. NONCOMMUTATIVE GAUGE AND GRAVITY THEORIES CON-STRUCTED VIA TWISTING
In the present section we describe some important features of the twisted gauge and diffeomorphism transformations, that will be necessary in Sec. IV.
Noncommutativity is introduced ordinarily through a Moyal-Weyl space-time, with com-mutation relations given by (for recent reviews see, [15] )
where the antisymmetric matrix θ µν has constant entries. This noncommutativity can be realized through the Wigner-Moyal correspondence, by means of the Moyal product
where
θ µν ∂µ⊗∂ν . When necessary, we will write µ(f ⊗ g) = f · g, in order to stress that we are speaking of the commutative product. The presence of θ µν as a constant matrix and of ordinary derivatives in this definition leads to the loss of covariance. In particular it has been shown that Lorentz invariance is violated (see for instance, [22] ) and there are problems to include in a theory representations with different charges [18] .
If we consider a gauge group of transformations, one can construct a covariant deformed theory by introducing an appropriate twisting of the transformation law of the Moyal product of fields in some specific representation R. The ingredients are: (i) a Lie algebra G, (ii)
an action of the Lie algebra G on the space of functions A = F un(M) of the space-time manifold M that one wants to deform into a noncommutative algebra A θ , and (iii) a twist element F , constructed with the generators of the Lie algebra G. Then by twisting the gauge and diffeomorphism Lie algebras we can obtain a covariant noncommutative theory of gauge fields or gravitational fields, respectively.
We start by considering a gauge group G, with a Lie algebra G in some irreducible representation R. The symmetry properties of the field theory on spacetime M can be lifted in a natural way to the universal enveloping algebra
This has a structure of Hopf algebra (U(G, R), m, e; ∆, ε; S)
is the co-product (for a more detailed description of the Hopf algebra structure the reader can consult for instance, [37] ). In the commutative theory the transformation law of the product of two fields, i.e. the Leibniz rule, is given by
where ∆(δ α ) = δ α ⊗ 1 + 1 ⊗ δ α is the co-product. In the noncommutative theory, the definition of the co-product is more elaborated. Indeed, the Moyal product of fields involves non-covariant derivatives, hence we would expect that it will have a complicated nonlinear transformation. However the coproduct can be generalized by considering a twisting of Eq.
(4).
Twisted Gauge Transformations
Let us write the transformation of a matter field as
where S α is given by [34] 
Then we define the noncommutative infinitesimal transformations by
which, according to [28] it can be written also as δ
Here we will follow the formulation (6), which makes explicit that the transformations act only on the fields of the theory. Thus we can define a restricted Moyal product which operates only on the fields
where F is a bilinear functional operator which acts on all the fields of the theory, here (8) and φ, ψ ∈ A θ . is the Drinfeld's twisted co-product arising in the definition of quasi-triangular Hopf algebras [37, 38] and ∆(S α ) = S α ⊗ 1 + 1 ⊗ S α is the commutative co-product of (5) . It can be shown in a straightforward, although somewhat cumbersome way, that the co-product (9) gives the same result as in [34] (an explicit derivation is worked out in the appendix)
The right hand side looks quite similar to the usual Leibniz rule, but is radically different because the Moyal product does not act on the transformation parameters, as they multiply the rest of the expression to their right with the ordinary commutative multiplication. The reason of why to use such a complicated expression like (9) , is that it is part of a Hopf algebra [29] which ensures its consistency, e.g. the associativity.
Twisted Gauge Fields
Things work quite similar for gauge fields A l µ . In this case the action of the transformations is given by [34] 
For example, the transformation rule of the product A µ ⋆ φ is given by the expression (9)
where it has been taken into account that the fields are in different representations of the
For the adjoint representation we have similar rules.
Twisted Diffeomorphisms
For diffeomorphisms it is not obvious that if we use Drinfeld's twisted coproduct, we will get similar results. Let us consider for instance a covariant vector field U µ
As far as the second term in the r.h.s. is a matrix transformation, the considerations of the preceding section can be applied to it. Thus, in order to see if the previous formulation can be applied here, it is enough to consider scalar fields φ, transforming as:
Thus, if we apply (9), after computations (the detailed calculation in the appendix A) we
Hence, for a covariant vector field we have
Similarly, the procedure can be also carried over for a contravariant vector field V µ . Therefore, we can compute the transformations of mixed products like
Thus the Moyal product of tensor quantities lead to higher order tensors as usual, and the contraction of indices of tensor quantities lead to lower order tensors, for instance
Twisted Differential Forms
The above properties allow us to define in the usual way differential 1-forms U = U µ dx µ , which can be extended to higher order differential forms if the differentials dx behave as constants under the Moyal product, i.e. for the product of two 1-differential forms U and V we have
The essential point is the noncommutative exterior derivative which is defined as commutation of the following diagram:
where S ξ U µ is given by (22) . However the interesting feature is that, despite of this undesirable property, four-forms continue to transform (in four dimensions) as invariant densities. Indeed, let us consider
where ε µνρσ is the Levi-Civita symbol in four dimensions.
Then we have δ
where we used the identity: ε µνρσ ξ λ + cyclic permutations of {µνρσλ} ≡ 0. This result can be understood from the invariance of the action under the transformations of the fields, as can be seen from
In this way we can construct noncommutative invariant actions by means of four forms. For
In this paper we consider the Plebanski's action of gravity [35] , which is a BF theory (with constraints) with the Lagrangian given by a four form. It will be twisted in the same sense as a gauge theory and will be covariant under twisted Lorentz and diffeomorphism transformations.
III. BRIEF OVERVIEW OF THE SELF-DUAL FORMULATION OF GRAVITY
In this section we overview the self-dual formulation of gravity in four dimensions. We will follow Plebański paper [35] . Let start by considering a SO(3) complex connection one-
, with its corresponding field strength F = dΩ + Ω ∧ Ω and the BF -action
where B is a Lie algebra valued two-form. Let us now write the fields into their real and imaginary parts, Ω = (R + i R). Now let us define
In this case, putting things toghether, we get the SO(3, 1) field strength,
In general if v i is a complex SO(3) field, its decomposition into real and imaginary parts can be rewritten as a SO(3, 1)
ab . The field strength satisfies
Following Plebański [35] , the solution of the constraints for the B i field is given by Σ ab = e a ∧ e b , where the tetrad e a are real one-forms, which are defined up to a SO(3, 1)
transformation. Thus, the action (36) can be rewritten as
From the tetrad we obtain the torsion two-form:
Therefore, the second term in (37) can be written in terms of the torsion. Furthermore, if we write R ab = R µν e a µ e b ν , the action (37) can be rewritten as
The first term is the Palatini action, with the tetrad e and the connection ω being independent fields. The variation of ω on this term gives
This is a complex equation, where the coefficient e a ∧ T b is real. Therefore, if we set to zero the real and the imaginary parts separately, we get the equation e a ∧ T b − e b ∧ T a = 0, from which turns out that the torsion vanishes, T a µν = 0, with the well known solution given by the second Cartan structure equation
If we put it back into the action (38), we get the Einstein-Hilbert action
IV. TWISTED COVARIANT NONCOMMUTATIVE SELF-DUAL GRAVITY Let us consider now the noncommutative theory of the action (36) . In order to take into account the form of the noncommutative field strength, we must extend the fields to the universal enveloping algebra (UEA) of su (2), given in this case by u(2). The formulation of twisted gauge transformations closes for arbitrary gauge groups [31, 32] . Thus, our proposal would be valid also for the Lie algebra su(2). However, as it was discussed in Ref. [32] , the consistency of the classical equations of motion of noncommutative YangMills theory requires the use of the associated UEA. In Appendix B we show that these considerations apply also for BF actions. As we precisely need to work out the equations of motion consistently (including the torsion) from the noncommutative action corresponding to (36), we shall use the UEA of su(2), namely u(2). Hence the action is now
where R = dω + ω ⋆ ∧ ω is the noncommutative field strength and T A = {σ i , σ 4 = 1}, are the generators of the u(2) algebra, which satisfy:
where A, B = 1, 2, 3, 4. Following Sec. II, in particular formula (35) , one can see that the action (42) is invariant under twisted gauge and diffeomorphism transformations.
The field strength is given by R = R i T i + R 4 T 4 , where
The first term (zero-th order) in the θ-expansion of the curvatures coincide with the commutative ones.
In terms of SO(1, 3) self-dual fields, by means of the relations shown in the preceding section, the action (42) is given by
where Σ ab and ω ab , which arise from Σ i and ω i , are real and antisymmetric by construction, as in the commutative case.
This action must be written explicitly in terms of the tetrad in order to be compared with the Einstein-Hilbert action. In the commutative case, Plebański has formulated constraints on Σ i , whose solution is given by Σ ab = e a ∧ e b . After substitution of this solution into the commutative action, the Palatini action turns out. Here we have a noncommutative action, with an explicit dependence on the noncommutativity parameter θ. Thus the solution of the equations of motion will be given by generic fields φ's depending on θ. This dependence can be made explicit by a series expansion
Here we will make an ansatz on the form of the dependence of Σ ab on θ, given in terms of the tetrad by
It is easy to see that the power series dependence on θ of this expression has only even powers. The next step is the variation of the action (46) with respect to the connection
ab , which gives us
In order to see which are the equations of motion arising from this variation, we take into account that we are dealing with complex quantities. Let us consider generic equations of the form E ab ∧ δω
ab are real, the real and imaginary parts of the equations give E ab = 0. If E ab are complex, by the properties of the self-dual projector we can see that it is enough to set to zero their real, or their imaginary parts. Indeed, taking into account that E ab(+) = E ab (−) , where E stands for the complex conjugated of E, we get for the real or the imaginary parts the same result
Hence if the real part of E vanishes, then the imaginary one vanishes as well. Further, if f and g are real functions, then f ⋆ g = g ⋆ f . Thus, from the real part of the coefficient of
ab in (49), we obtain the equations of motion
where we set ω 4 = η 1 + iη 2 and Σ 4 = λ 1 + iλ 2 .
Considering the expansion in powers of θ of the fields (47) and of the Moyal product, expanding order by order we get for the zero-th order
which is the second Cartan's structure equation for ω (0) , with the solution given by (40). To first order in the θ-expansion we have that (51) yields
where Σ (0)ab = e a ∧ e b and ω (0)ab is given by (40).
Solving for ω (1) , we have after some computations e ε abcd ω
where Φ (0) are real combinations of the tetrad e a and the fields η
1 and λ (k) 2 for k < n. This equation can be rewritten as
from which we get
and then
Thus ω
αβ,abc is determined by the tetrad, η
1 , η
2 , λ
1 and λ
2 . Furthermore, to the n-th order we get from (51)
where Σ (n) vanishes if n is odd and otherwise depends on the tetrad by the ansatz (48).
Moreover, by a similar computation as for the zero-th and first order cases we get
from which the n-th correction to the spin connection is given by
Therefore, if we substitute the spin connection obtained to all orders from these equations into the action (46), we get a noncommutative action for Einstein gravity, which depends to all orders on e a µ , Σ 4 and ω 4 , in such a way that to zero-th order it coincides with the Einstein-Hilbert action. To first order action (46) is given by
where Σ (0)ab = e a ∧ e b and ω
ab and ω
αβ,ab are given by (40) resp. (57). It is worth to note that, simultaneously to the variation of ω (+)ab we can vary with respect to ω 4 and Σ 4 , with the resulting equations of motion
and
To zero-th order we have the equations ε µνρσ ∂ ν Σ 
To higher orders the equations are of the form
Thus these equations, together with the equations of ω ab µ , could be solved recursively.
V. FINAL REMARKS
In the present paper we pursue the idea of the implementation of the twisted symmetries to describe a non-commutative theory of gravity. We applied the prescription based in the twisted gauge transformations to construct a noncommutative gauge theory of gravitation.
In particular, we study noncommutative Plebański's self-dual gravity. As well known it is a topological constrained SL(2, C) BF theory [35] . This is addressed by extending the fields to the universal enveloping albegra of su (2), given by u(2). This action is constructed to be invariant under twisted Lorentz and twisted diffeomorphism transformations. The constraints are implemented at the noncommutative level by the ansatz (48). This ansatz allows to solve the resulting torsion constraint to every order in the expansion of the noncommutative parameter θ (see Eq. (60)). It is shown that at any order, the solution is described in terms of the tetrad and the extra fields corresponding to the fourth components of the connection ω and of the B-field two-form Σ, due to the enveloping algebra. Furthermore, the noncommutative BF action is explicitly obtained to first order in θ (61). It is important to remark that, although the BF theory is invariant under twisted diffeomorphisms, the invariance of the resulting noncommutative gravity theory is realized not directly through metric variables as it was described at [28] , but by means of Σ and ω, through the prescription given in Refs.
[ 31, 32] for gauge theories. Then twisted diffeomorphisms are encoded in the twisted gauge symmetry.
Finally, it is worth to mention that this procedure can be carried over to define the classical topological invariants arising in topological gravity [19] , in a way invariant also under twisted diffeomorphisms. This issue was not enough clear in that paper [19] and with these methods it can be clarified. Some of results on this subject will be reported elsewhere.
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APPENDIX A
Let us consider a linear operator O acting on a set of generic fields φ i . This operator acts locally as a matrix as well as linearly in the derivatives of the field, and is defined by
Here the operators T φ A are constant and contain the matrix and the differential actions on the fields φ i .
The coproduct of this operator is given by
Let us now define the noncommutative coproduct as
F with F given by Eq. (8). In order to compute it, we must expand the exponentials. The action of F gives the Moyal product on the fields φ and ψ, hence
The action of S O on the derivatives of the fields can be computed as follows
Consequently, we have
The action of F −1 on the first term on the r.h.s. of (A7) can be written as follows
Furthermore, taking into account the definition (A2), the terms inside the biggest bracket in the preceding expression can be written as
From the properties of the Dirac function, considering that the operators T A in general are constant matrices and contain derivatives, we have
because T A commutes with the derivatives. Therefore we have from (A10) the following
Inserting this expression back into (A7) and considering that the sum over n gives F , which compensates F −1 , we get
Then we have
From the above computation one can conclude that
For instance, if we consider the gauge transformations (5) and translations on scalar fields (20) , then we get correspondingly 
However, as shown in [32] for Yang-Mills theory, the consistency of the equations of motion requires the enveloping algebra. In this appendix we argue that it is also the same situation for BF actions in the case of su(2).
The field equations of the action (B1) are given by 
which does not vanish identically. If instead of su (2), we had considered the enveloping algebra u(2), the corresponding equations would vanish due to the generalized Jacobi identities.
Hence, even if the action is invariant under any Lie algebra, the consistency of the equations of motion requires the whole enveloping algebra.
